Why do governments that pursue seignorage set growth rates of money that exceeds the one that maximizes it? This paper presents a Keynesian model with a government that pursues seignorage but dislikes inflation. Dynamic inconsistency problems prevent the implementation of the optimal growth rate of money and even the existence of stationary equilibrium. When stationary equilibrium exists, it is multiple and the growth rate of money is larger than the one that maximizes seignorage in some or even all equilibria.
Introduction
Seignorage is the real value of the revenues that the government receives from the emission of money. Seignorage may be seen as the revenues of the "inflation tax". The reason is that the emission of money generates inflation, which implies that money holders suffer a lost for the reduction in the value of their money balances. These losses may be seen as a "tax" on money balances and seignorage is the revenues from this "inflation tax". While an increment in the growth rate of money always increases inflation, it does not always increase seignorage, since there is a growth rate of money that maximizes seignorage. If the growth rate of money exceeds such level, seignorage goes down. That is, the tax revenue of the "inflation tax" goes down but the tax burden, the inflation rate, goes up. At first glance, it seems that no government has incentives to do such self-defeating policy. However, several historical episodes, in particular hyperinflations, suggest that governments with desperate need for seignorage have set growth rates of money that exceeds the one that maximizes it. This paper analyzes the decision by governments about seignorage and proposes an explanation for the paradox of governments that choose to exceed the growth rate of money that maximizes seignorage. This paper presents a standard Keynesian model with a government that pursues seignorage but dislikes inflation. That is, the government's objective function increases with seignorage but decreases with inflation. We distinguish between the long run, in which agents can perfectly foresee the inflation rate, and the short run, in which expectation about inflation may be wrong. A hump-shape relationship between seignorage and growth rate of money arises at the long run. The mechanism behind this result resembles to a Laffer curve. As we explain above, the inflation tax is a tax over money balances, where the tax rate is the growth rate of money, which in the long run is equal to the inflation rate, and the tax base is the real amount of money. When the growth rate of money goes up, the tax rate goes up, but the tax base, real money, goes down. This occurs since money holders perfectly foresee inflation at the long run and they reduce their demand for money. When the growth rate of money is low, seignorage rises with it up to the point in which riches its maximum level. After that, increasing the growth rate of money is counterproductive for raising further seignorage, since the effect of reducing the tax base, the real amount of money, overtakes the effect of rising the tax rate, the growth rate of money. In fact, since government does care not only about seignorage but also about inflation, the growth rate of money that maximizes the objective function of government at the long run, the optimal growth rate of money, is strictly below the growth rate that maximizes seignorage.
The behavior of seignorage at the short run is totally different. The key reason for this is linked to the definition of short run: the absence of perfect information and the possibility of wrong expectations. Since the model is Keynesian, an "unanticipated" increase of the growth rate of money expands income and reduces the nominal interest rate. Both of these factors will increase the demand for money and the real amount of it. Consequently, an increase on the growth rate of money will increase not only the "tax rate" of the "inflation tax", the growth rate of money, but also the tax base, the real amount of money. Consequently, seignorage at the short run always increases with the growth rate of money. This implies a problem of dynamic inconsistency: if agents believe that the government is going to set the optimal growth rate of money, the government will have incentives to set a growth rate of money larger than the optimal one. This dynamic inconsistency problem implies that the growth rate of money and the inflation rate at the stationary equilibrium will be always larger than the optimal level.
Furthermore, dynamic inconsistency not only makes suboptimal the equilibrium; it may even prevent the existence of stationary equilibria. If government's aversion for inflation is not large enough, it always will have incentives to set a growth rate of money that is above the expected inflation rate of agents in order to get more seignorage. This will prevent the existence of stationary equilibria. When government's aversion for inflation is large enough, stationary equilibrium does exist but multiple stationary equilibria arise. Furthermore, the growth rate of money is not only larger than the optimal level but also larger than the growth rate that maximizes seignorage at the long run in at least one stationary equilibrium. In fact, if government's aversion to inflation is not high enough, the growth rate of money is larger than the one that maximizes seignorage in all the stationary equilibrium. Thus, our paper provides an explanation for the paradox of governments that pursue seignorage but set growth rates of money that exceed the one that maximizes it.
Classical papers about dynamic inconsistency of monetary policy include [1] - [3] . These papers do not analyze seignorage, which is the focus of our paper. This paper does not analyze hyperinflation. Nevertheless, the paper sheds light on the incentives that governments may have to set a growth rate of money above its natural upper bound: the growth rate of money that maximizes seignorage. Thus, the paper contributes to better understanding the incentives that government may have to set a "very high" growth rate of money which in turns may generate hyperinflation. In this sense, the paper contributes to the hyperinflation literature, which considers the seignorage as an exogenous variable and does not explain the incentives that the government may have to generate hyperinflation. See among others [4] - [6] and the revision of this literature by [7] and [8] and the papers quoted there.
The Model

Setup
The model is a standard Keynesian model with the following equations:
IS curve: 
LM curve:
Supply curve: 1 1
where y denotes real income, π denotes inflation rate, i denotes nominal interest rate, m real amount of money and θ the growth rate of the nominal supply of money. β, γ, ξ, ν, η and n y are parameters. The sub-index t denotes period, while the super-index "e" means expectative. n y denotes the natural income, that is, the income at the equilibrium when the expectations of agents are correct. Note these equations are the ones of a New Keynesian model (see Chapter 6 of [9] ). The exception is the demand for money (right hand of Equation (2)). There are two reason for this modification: first tractability; second, the demand for money 1 in the standard New Keynesian model tends to infinity when the nominal interest rate tend to zero. Thus, at the short-run the government would be able to get an "infinite" amount of resources from seignorage by setting a growth rate of money that make the nominal interest rate zero. Such feature makes this functional form not suitable for a paper that focuses on seignorage.
Solving the model, we get that: 
It is important to note that, at the short run, the real amount of money increases with the growth rate of money, due to the Keynesian features of the models. An expansionary monetary policy reduces the nominal interest rate and raises income. Both effects raise the demand and the real amount of money.
We define stationary equilibrium at the long run as an equilibrium in which the expectation of agents are correct, the money growth rate is constant and the real amount of money is constant. That is, ( ) ( )( )
Seignorage
Seignorage is the real amount of resources that government obtains from emitting money. We assume that the fraction of money that is emitted by the government is constant and denoted by ψ (that is, the monetary multiplayer is 1/ψ). Thus, the seignorage, denoted by s, is as follows:
The amount of seignorage at the long run would be as follows (see 6 and 7):
The relationship between the growth rate of money and the seignorage has hum shape: 1 The standard demand for money in a new Keynesian model is as follows: 1 .
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The maximum seignorage at the long run is denoted by * s :
The growth rate of money always raises the "nominal seignorage" and the portion of real money that goes to seignorage, that is, ( ) 1 θ θ + (see Equation (7)). On the other hand, the growth rate of money reduces the real amount of money at the long run, since agents perfectly foresee inflation, which is equal to the growth rate of money at the long run. Thus, the growth rate of money increases expected inflations, and this increases the nominal interest rate, which reduces the demand and the real amount of money. These offsetting mechanisms imply that the seignorage at the long run has a hump-shape relationship with the growth rate of money.
The seignorage at the short-run is as follows (see 5 and 7): 
The seignorage at the short-run increases always with the growth rate of money:
( )
The Keynesian features of the model deliver the above result. An expensive monetary policy reduces at the short run the nominal interest rate and increases the income. Both effects raise the demand for money and, consequently, the real amount of money, which implies a higher seignorage. Note that if the supply of goods were perfectly inelastic, 0 η = , the seignorage at the short-run would not be an increasing function of the growth rate of money. It would have exactly the same hump-shape relationship as at the long run. Thus, the Keynesian features of our model are essential to get our results.
Government
We will assume that the utility function of government is as follows:
We define optimal growth rate of money 2 as the growth rate of money that maximizes the government's utility function at the stationary long run equilibrium:
Proposition 1: There is a unique optimal growth rate of money. Such optimal growth rate is always in the in-
The FOC of the problem (12) may be written as follows: Since the above function is strictly decreasing in the interval * 0,θ     , there is a unique value of θ that satisfies the above equation.
The maximization problem of government (at the short run) would be as follows: 
In a stationary equilibrium
Thus, the above FOC at a stationary equilibrium is as follows: 
Thus, the growth rate of money and the inflation rate are always above the optimal level. The reason for that is dynamic inconsistency: if the agents believe that the growth rate of money is going to be the optimal one, the government has incentive to deviate and set a growth rate of money above the optimal level. 
Note that ( ) 
where 0 a > is any arbitrary positive constant. Then: Thus, stationary equilibrium exists only if government aversion to inflation is high enough. Otherwise, the government will always have incentives to "cheat" agents and set a growth rate of money and an inflation rate that exceed the expected inflation of agents in order to get more seignorage. Thus, dynamic inconsistency may prevent the existence of a stationary equilibrium. 
We have proven already that the above minimum exist (see previous proof). Furthermore
tion at the long run (called optimal growth rate of money) is always below the growth rate of money that maximizes seignorage. Nevertheless, due to the Keynesian properties of the model, the relationship between growth rate of money and seignorage at the short run is increasing. This implies a dynamic inconsistency problem: if agents believe that growth rate of money is going to be the optimal one, the government has incentives to "cheat" agents and set a growth rate of money higher than the optimal one. Thus, dynamic inconsistency implies a higher growth rate of money than the optimal one. Furthermore, dynamic inconsistency may even prevent the existence of stationary equilibrium. This happens when the government has incentives to "cheat" agents and set a growth rate of money and an inflation rate that exceeds the expected inflation. The long run behavior of the economy depends on the degree of aversion to inflation by government. When the aversion to inflation is low, stationary equilibrium does not exist. Otherwise, there are multiple equilibria. When the aversion to inflation is in a middle range, the growth rate of money is higher than the one that maximizes seignorage in every equilibrium. Finally, even when the aversion to inflation is high, the growth rate of money is larger than the one that maximizes seignorage at the long run in some equilibria. Thus, the paper explains the paradox of governments that pursue seignorage but set growth rates of money that exceed the one that maximize it. This paper focuses on stationary equilibrium and calls for fully analyzing the dynamic of the model in future research.
